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We recall some basic facts about monomial symmetric functions. Proofs and details can be found in Macdonald's book (Macdonald [@CR6]). Let $\documentclass[12pt]{minimal}
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                \begin{document}$$i=1,2,\ldots ,k-1$$\end{document}$. According to$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left| M_i\right| =\frac{n!}{(n-k+1)!}, \end{aligned}$$\end{document}$$we get$$\documentclass[12pt]{minimal}
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*Example 1* {#FPar3}
-----------

Replacing *k* by 2 in Theorem [1](#FPar1){ref-type="sec"}, we get$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{m}_{[\lambda _1,\lambda _2,\lambda _3]}&=p_{\lambda _1}p_{\lambda _2}p_{\lambda _3} -p_{\lambda _1}p_{\lambda _2+\lambda _3}-p_{\lambda _2}p_{\lambda _1+\lambda _3}\\&\qquad -p_{\lambda _3}p_{\lambda _1+\lambda _2}+2p_{\lambda _1+\lambda _2+\lambda _3}. \end{aligned}$$\end{document}$$

It is clear that in the expansion of the augmented monomial $\documentclass[12pt]{minimal}
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The following result is immediate from Theorem [1](#FPar1){ref-type="sec"}.

**Corollary 1** {#FPar4}
---------------
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                \begin{document}$$\begin{aligned} \tilde{m}_{\lambda }=p_j\cdot \tilde{m}_{\lambda ^0}-\sum _{i>0}(t_i-\delta _{ij})\tilde{m}_{\lambda ^i}\, \end{aligned}$$\end{document}$$*where*$\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _{ij}$$\end{document}$*is the Kronecker delta and*$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} t_r(0) = {\left\{ \begin{array}{ll} t_r-1, & \text {if} \quad r=j,\\ t_r, & \text {otherwise}, \end{array}\right. } \end{aligned}$$\end{document}$$*and*$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} t_r(i) = {\left\{ \begin{array}{ll} t_r-1-\delta _{ij}, \quad \text {if}\,r\in \{i,j\},\\ t_r+1, \quad \text {if}\,r=i+j, \\ t_r, \quad \text {otherwise} \end{array}\right. } \end{aligned}$$\end{document}$$*for all*$\documentclass[12pt]{minimal}
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*Example 2* {#FPar5}
-----------
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                \begin{document}$$j=3$$\end{document}$, by Corollary [1](#FPar4){ref-type="sec"}, we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lambda ^{0} = [1^32^1],\quad \lambda ^{1} = [1^22^14^1]\quad \text {and}\quad \lambda ^{2} = [1^35^1]. \end{aligned}$$\end{document}$$Clearly, the coefficient of $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-1$$\end{document}$, and for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i>2$$\end{document}$ all the coefficients are 0. Thus, we obtain$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{m}_{[1^32^13^1]}=p_3\cdot \tilde{m}_{[1^32^1]}-3\tilde{m}_{[1^22^14^1]}-\tilde{m}_{[1^35^1]}. \end{aligned}$$\end{document}$$

We remark that in the expansion of $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{m}_{\lambda }$$\end{document}$ generated by Corollary [1](#FPar4){ref-type="sec"}, the number of terms is equal to$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \text {the number of distinct parts of }\lambda + {\left\{ \begin{array}{ll} 1, \quad \text {for}\,t_j>1,\\ 0, \quad \text {for}\,t_j=1. \end{array}\right. } \end{aligned}$$\end{document}$$So, we can say that this corollary is a refined form of Theorem [1](#FPar1){ref-type="sec"}.
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                \begin{document}$$\left\{ 1,2,\ldots ,n \right\}$$\end{document}$. The cardinality of the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$\mathcal {P}_n$$\end{document}$ (Bender and Goldman [@CR3]; Rota [@CR7]), namely$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mu (v)=\prod _{i=1}^{\left| v \right| }(-1)^{\left| v_i \right| -1}\left( \left| v_i \right| -1 \right) !, \end{aligned}$$\end{document}$$can be used to express the augmented monomial symmetric functions in terms of the power sum symmetric functions.

**Theorem 2** {#FPar6}
-------------
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*Proof* {#FPar7}
-------
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                \begin{document}$$\lambda =[\lambda _1,\lambda _2,\ldots ,\lambda _k]$$\end{document}$ be an integer partition. For $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f_i(v)=(v_1,\ldots ,v_{i-1},v_{i}\cup \{k\},v_{i+1},\ldots ,v_r). \end{aligned}$$\end{document}$$By ([4](#Equ4){ref-type=""}), we deduce that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\tilde{m}_{[\lambda _1]}=\mu (\{1\})p_{s(\{1\})}$$\end{document}$, the base case of induction is finished. We suppose that the relation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \tilde{m}_{[\lambda _1,\lambda _2,\ldots ,\lambda _{k'}]}=\sum _{v \in \mathcal {P}_{k'}}\mu (v)p_{s(v)}\, \end{aligned}$$\end{document}$$is true for any integer $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\tilde{m}_{[\lambda _1,\lambda _2,\ldots ,\lambda _{k}]} \\&\quad = p_{\lambda _k}\cdot \sum _{v\in \mathcal {P}_{k-1}}\mu (v)p_{s(v)} -\sum _{i=1}^{k-1}\sum _{v\in \mathcal {P}_{k-1}}\mu (f_i(v)) p_{s(f_i(v))}\\&\quad = \sum _{v\in \mathcal {P}_{k}-\mathcal {P'}_{k}}\mu (v)p_{s(v)} +\sum _{v\in \mathcal {P'}_{k}}\mu (v) p_{s(v)}. \end{aligned}$$\end{document}$$Thus, the proof is finished. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square$$\end{document}$

*Example 3* {#FPar8}
-----------

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{1,2,3\}$$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}_3=\{a,b,c,d,e\}$$\end{document}$ with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} a&= \{\{1\},\{2\},\{3\}\},\\ b&= \{\{1\},\{2,3\}\},\\ c&= \{\{2\},\{1,3\}\},\\ d&= \{\{3\},\{1,2\}\}\ \text {and}\\ e&= \{\{1,2,3\}\}. \end{aligned}$$\end{document}$$According to ([4](#Equ4){ref-type=""}), we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mu (a)&=(-1)^{3-3}0!0!0!=1\,\\ \mu (b)&=\mu (c)=\mu (d)=(-1)^{3-2}0!1!=-1\ \text {and}\\ \mu (e)&=(-1)^{3-1}2!=2. \end{aligned}$$\end{document}$$Taking into account Theorem [2](#FPar6){ref-type="sec"}, we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tilde{m}_{[2,1,1]}=p_{[2,1,1]}-p_{[2,2]}-2p_{[3,1]}+2p_{[4]}. \end{aligned}$$\end{document}$$

Iterative algorithm for computing transition matrix {#Sec3}
===================================================

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \vdash k$$\end{document}$, then it is immediate from Theorem [1](#FPar1){ref-type="sec"} or Theorem [2](#FPar6){ref-type="sec"} the fact that the augmented monomial symmetric function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{m}_{\lambda }$$\end{document}$ is a sum over integer partitions of *k*.

**Corollary 2** {#FPar9}
---------------

*Let*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda$$\end{document}$*be an integer partition. Then*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tilde{m}_{\lambda } =\sum _{\lambda \preceq \beta }{T}_{\lambda \beta }\cdot p_{\beta } \end{aligned}$$\end{document}$$*where*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${T}_{\lambda \beta }$$\end{document}$*is an integer such that*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (-1)^{l(\lambda )-l(\beta )}{T}_{\lambda \beta }\geqslant 0, \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{m}$$\end{document}$*andpare functions ofnvariables*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\geqslant l(\lambda )$$\end{document}$.

We observe that the transition matrix expanding the augmented monomial symmetric functions in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_{\lambda }$$\end{document}$ is lower triangular (with respect to any extension of the dominance ordering on partitions to a total order on the partitions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \vdash k$$\end{document}$), i.e.,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left[ \begin{array}{c} \tilde{m}_{[k^1]} \\ \vdots \\ \tilde{m}_{[1^k]} \end{array} \right] = {T}^{(k)}\cdot \left[ \begin{array}{c} p_{[k^1]} \\ \vdots \\ p_{[1^k]} \end{array} \right], \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {T}^{(k)}=\left[ {T}_{\lambda \beta } \right] _{\lambda ,\beta \vdash k}, \end{aligned}$$\end{document}$$with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {T}_{\lambda \beta } = {\left\{ \begin{array}{ll} 0, \quad \text {for}\, \lambda \not \preceq \beta , \\ 1, \quad \text {for}\, \lambda = \beta . \end{array}\right. } \end{aligned}$$\end{document}$$

*Example 4* {#FPar10}
-----------

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=4$$\end{document}$, according to Theorems [1](#FPar1){ref-type="sec"} or [2](#FPar6){ref-type="sec"}, we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left[ \begin{array}{c} \tilde{m}_{[4]} \\ \tilde{m}_{[3,1]} \\ \tilde{m}_{[2^2]} \\ \tilde{m}_{[2,1^2]} \\ \tilde{m}_{[1^4]} \end{array} \right] = \left[ \begin{array}{rrrrr} 1 &{} 0 &{} 0 &{} 0 &{} 0\\ -1 &{} 1 &{} 0 &{} 0 &{} 0\\ -1 &{} 0 &{} 1 &{} 0 &{} 0\\ 2 &{} -2 &{} -1 &{} 1 &{} 0\\ -6 &{} 8 &{} 3 &{} -6 &{} 1 \end{array} \right] \left[ \begin{array}{c} p_{[4]} \\ p_{[3,1]} \\ p_{[2^2]}\\ p_{[2,1^2]}\\ p_{[1^4]} \end{array} \right]. \end{aligned}$$\end{document}$$

We remark that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tilde{m}_{[1^k]}=k!\cdot m_{[1^k]}=k!\cdot e_k, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_k$$\end{document}$ is the *k*th elementary symmetric function. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=t_1+2t_2+\cdots +kt_k$$\end{document}$, the number of ways of partitioning a set of *k* different objects into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_i$$\end{document}$ subsets containing *i* objects, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,2,\ldots ,k$$\end{document}$ is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{k!}{\prod _{i=1}^{k}t_i!\cdot (i!)^{t_i}}\ \end{aligned}$$\end{document}$$\[see (s.24.1.2 Abramovitz and Stegun [@CR1])\]. Thus, the formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {T}_{[1^k][1^{t_1}2^{t_2}\cdots k^{t_k}]}=(-1)^{k-t_1-t_2-\cdots -t_k}\frac{k!}{\prod _{i=1}^{k}t_i!i^{t_i}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=t_1+2t_2+\cdots +kt_k$$\end{document}$, can be easily derived from Theorem [2](#FPar6){ref-type="sec"}. Unfortunately, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{\lambda \beta }$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[1^k]\prec \lambda$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \prec \beta$$\end{document}$ such formulas are not known.

The following result is immediate from Corollaries [1](#FPar4){ref-type="sec"} and [2](#FPar9){ref-type="sec"}.

**Corollary 3** {#FPar11}
---------------

*Letkbe a positive integer. If*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =[1^{t_1}2^{t_2}\cdots ]$$\end{document}$*and*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =[1^{v_1}2^{v_2}\cdots ]$$\end{document}$*are two integer partitions ofksuch that*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \prec \beta$$\end{document}$*then*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {T}_{\lambda \beta }=\left( 1-\delta _{0,v_j} \right) {T}_{\lambda ^0\beta ^0}-\sum _{i>0}(t_i-\delta _{ij}){T}_{\lambda ^i\beta }, \end{aligned}$$\end{document}$$*wherejis a positive integer such that*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_j>0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _{ij}$$\end{document}$*is the Kronecker delta*,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \beta ^0=[1^{v_1(0)}2^{v_2(0)}\cdots ]\quad \text {and}\quad \lambda ^i=[1^{t_1(i)}2^{t_2(i)}\cdots ], \end{aligned}$$\end{document}$$*with*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} v_r(0)=v_r-\delta _{rj},\quad t_r(0)=t_r-\delta _{rj} \end{aligned}$$\end{document}$$*and*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} t_r(i) = {\left\{ \begin{array}{ll} t_r-1-\delta _{ij}, &{} \text {if} \quad r\in \{i,j\},\\ t_r+1, &{} \text {if} \quad r=i+j, \\ t_r, &{} \text {otherwise} \end{array}\right. } \end{aligned}$$\end{document}$$*for all*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i>0$$\end{document}$.

In this corollary, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_j=0$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_j(0)=-1$$\end{document}$. Fortunately, this drawback is eliminated by the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-\delta _{0,v_j}=0$$\end{document}$. Recall that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda ^0$$\end{document}$ is an integer partition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k-j$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \prec \lambda ^i$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i>0$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_i>\delta _{ij}$$\end{document}$. We remark that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta ^0 \vdash k-j$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_j>0$$\end{document}$.

*Example 5* {#FPar12}
-----------

By Corollary [3](#FPar11){ref-type="sec"}, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda =[1^4]$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta =[1^13^1]$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T_{[1^4][1^13^1]}&=T_{[1^3][3^1]}-3T_{[1^22^1][1^13^1]}\\&=-2T_{[1^12^1][3^1]}-3\left( -2T_{[1^13^1][1^13^1]}\right) \\&=-2\left( -T_{[3^1][3^1]}\right) +6\\&=8. \end{aligned}$$\end{document}$$

According to ([7](#Equ7){ref-type=""}) and Corollary [3](#FPar11){ref-type="sec"}, we obtain Algorithm 1 for computing the transition matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T^{(k)}$$\end{document}$. We can see that in order to compute the transition matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T^{(k)}$$\end{document}$, Algorithm 1 is based on generating the immediate lexicographic predecessor of an integer partition (see lines [10](#Sec3){ref-type="sec"} and [22](#Sec3){ref-type="sec"}). The problem of generating the immediate lexicographic predecessor of an integer partition is well-known in literature. For more details, one can refer to (Kelleher and O'Sullivan [@CR5]) and the references therein.

*Example 6* {#FPar13}
-----------

Applying Algorithm 1 for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=5$$\end{document}$, we get successively:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T^{(2)}= & {} \left[ \begin{array}{rrrrr} 1 &{} 0 \\ -1 &{} 1 \end{array} \right], \\ T^{(3)}= & {} \left[ \begin{array}{rrrrr} 1 &{} 0 &{} 0 \\ -1 &{} 1 &{} 0 \\ 2 &{} -3 &{} 1 \end{array} \right],\\ T^{(4)}= & {} \left[ \begin{array}{rrrrr} 1 &{} 0 &{} 0 &{} 0 &{} 0\\ -1 &{} 1 &{} 0 &{} 0 &{} 0\\ -1 &{} 0 &{} 1 &{} 0 &{} 0\\ 2 &{} -2 &{} -1 &{} 1 &{} 0\\ -6 &{} 8 &{} 3 &{} -6 &{} 1 \end{array} \right],\\ T^{(5)}= & {} \left[ \begin{array}{rrrrrrr} 1 &{} 0 &{} 0 &{} 0 &{} 0 &{} 0 &{} 0\\ -1 &{} 1 &{} 0 &{} 0 &{} 0 &{} 0 &{} 0\\ -1 &{} 0 &{} 1 &{} 0 &{} 0 &{} 0 &{} 0\\ 2 &{} -2 &{} -1 &{} 1 &{} 0 &{} 0 &{} 0\\ 2 &{} -1 &{} -2 &{} 0 &{} 1 &{} 0 &{} 0\\ -6 &{} 6 &{} 5 &{} -3 &{} -3 &{} 1 &{} 0\\ 24 &{}-30 &{}-20 &{} 20 &{} 15 &{} -10 &{} 1\end{array} \right]. \end{aligned}$$\end{document}$$

At the end of this section, we remark the following

**Conjecture 1** {#FPar14}
----------------

*Letkbe a positive integer*. *The identities*$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{\lambda \preceq \beta }{T}_{\lambda \beta }=0\qquad \text {and}\qquad \sum _{v \in \mathcal {P}_{l(\lambda )}}\mu (v)=0 \end{aligned}$$\end{document}$$*are true for all*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \prec [k]$$\end{document}$.

Recursive algorithm for computing an element of the transition matrix {#Sec4}
=====================================================================

A specific augmented monomial function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{m}_{\lambda }$$\end{document}$ can be expressed in terms of power sums$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tilde{m}_{\lambda } =\sum _{\lambda \preceq \beta }{T}_{\lambda \beta }\cdot p_{\beta } \end{aligned}$$\end{document}$$without computing the transition matrices$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Concluding remarks {#Sec5}
==================

An iterative algorithm for computing transition matrix expanding the augmented monomial symmetric functions in terms of the power sums symmetric functions has been derived in this paper. It is clear that the efficiency of this algorithm is directly influenced by the efficiency of the algorithm used for generating integer partitions in reverse lexicographic order. To express a specific augmented monomials in terms of power sums, we need a single line of the transition matrix. In this case, the computation of all transition matrix elements is not justified. Thus, a recursive function that computes the value of a single element of the transition matrix has been derived. Clearly, behind these algorithms is Theorem [1](#FPar1){ref-type="sec"}.
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Unfortunately, Theorem [2](#FPar6){ref-type="sec"} is more difficult to exploit in order to give similar results. However, a special case can be considered.

**Corollary 4** {#FPar15}
---------------
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This corollary is immediate from Theorem [2](#FPar6){ref-type="sec"} and Corollary [3](#FPar11){ref-type="sec"}.
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